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Ideal convergence

Definition

We say that a sequence (x,) is Z-convergent to x if for every ¢ > 0
we have {n € N: d(x,x,) > e} € Z.
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Ideal convergence

Definition

We say that a sequence (x,) is Z-convergent to x if for every ¢ > 0
we have {n € N: d(x,x,) >¢c} € L.

Observation

For the ideal Fin Z-convergence is just the classical one.
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Z-Schauder basis

Definition

Given an ideal Z on w, we say that a sequence (e,) is Z-basis if for
every x € X there exists a unique sequence («,) € K“ such that

x =Y .7 anen. We denote the coordinate functionals by e} and
we set Pp:=>""  e’e; .
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Z-Schauder basis

Definition

Given an ideal Z on w, we say that a sequence (e,) is Z-basis if for
every x € X there exists a unique sequence («,) € K“ such that

X = an anen. We denote the coordinate functionals by e, and
we set Pp:=>""  e’e; .

Question (Kadets)

Are e, continuous for the Z basis?
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Z-Schauder basis

Definition

Given an ideal Z on w, we say that a sequence (e,) is Z-basis if for
every x € X there exists a unique sequence («,) € K“ such that

X = an anen. We denote the coordinate functionals by e, and
we set Pp:=>""  e’e; .

Question (Kadets)

Are e, continuous for the Z basis? At least for nice filters, e.g. Zg?
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Proof for Z = Fin

We consider the space
S :={(an) € KY: Y 2 ane, is convergent} equipped with the
norm || ([lan) 1=l suppe, | X270 cvieill,
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Proof for Z = Fin

We consider the space

S :={(an) € KY: Y 2 ane, is convergent} equipped with the
norm [[([flevn)[[[ =]l supp, | >=i_ cvieill, and map T: S — X given
by T((an)) = 32520 nen.
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Proof for Z = Fin

We consider the space

S :={(an) € KY: Y 2 ane, is convergent} equipped with the
norm [[([flevn)[[[ =]l supp, | >-i_ cvieill, and map T: S — X given
by T((an)) = > oo nen. Clearly T is a bijection.
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Proof for Z = Fin

We consider the space
S :={(an) € KY: Y 2 ane, is convergent} equipped with the

norm |(fllan)[|=[ supy,, || 3o cvieill, and map T: S — X given
by T((an)) =Y 02 nen. Clearly T is a bijection. It is also
continuous.
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Proof for Z = Fin

We consider the space

S :={(an) € KY: Y 2 ane, is convergent} equipped with the
norm [|(lleca) [I=Il suppe, || -1y cviell, and map T S = X given
by T((an)) =Y 02 nen. Clearly T is a bijection. It is also
continuous. Now it remains to prove that S is a Banach space, and
use the open mapping principle.
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Proof for Z = Fin

We consider the space

S :={(an) € KY: Y 2 ane, is convergent} equipped with the
norm [[([lcun) 1=l Supe, || S0y cvieill, and map T: S — X given
by T((an)) =Y 02 nen. Clearly T is a bijection. It is also
continuous. Now it remains to prove that S is a Banach space, and
use the open mapping principle. Byproduct: the norms of
projections have common bound.
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Problems with classical proof

We consider the space {2 and we let x, = >, €;, where (ep)
stands for standard basis. Sequence (x,) is a Zg basis, but
projections P, related to it are not uniformly bounded.
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Problems with classical proof

We consider the space {2 and we let x, = >, €;, where (ep)
stands for standard basis. Sequence (x,) is a Zg basis, but
projections P, related to it are not uniformly bounded.

The standard proof will not work.

Jarostaw Swaczyna (IM P£& IM CAS) Continuity of coordinate Z-projections without large cardinals



Problems with classical proof

We consider the space {2 and we let x, = >, €;, where (ep)
stands for standard basis. Sequence (x,) is a Zg basis, but
projections P, related to it are not uniformly bounded.

The standard proof will not work.

Partial answer (Kochanek 2012)

If Z is an ideal generated by less than p sets, then the coordinate
projections associated with Z-basis are continuous.
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Outdated (from two weeks) proof - large cardinals

We assume enough large cardinals to get that

@ every subset of R that is in L(R) has the Baire property,
(Shelah-Woodin)

@ in L(R) every linear map between Fréchet spaces (in
particular, Banach spaces) is continuous (Garnir, Wright)

@ every projective formula is absolute between V and L(R)
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Outdated (from two weeks) proof - the space SB

Let F(C(A)) denote the hyperspace comprising all non-empty
closed subsets of C(A).
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Outdated (from two weeks) proof - the space SB

Let F(C(A)) denote the hyperspace comprising all non-empty

closed subsets of C(A).
Following Godefroy and Saint-Raymond, we shall call a Polish

topology 7 on F(C(A)) admissible, whenever
e ET(U) € 7 for every open set U C C(A),
@ there is a subbase B of 7 such that every set U € B may be
written as a union of countably many sets of the form
E*(U)\ ET(V), where U and V are open in C(A).
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Outdated (from two weeks) proof - the space SB

Let F(C(A)) denote the hyperspace comprising all non-empty
closed subsets of C(A).

Following Godefroy and Saint-Raymond, we shall call a Polish
topology 7 on F(C(A)) admissible, whenever

e ET(U) € 7 for every open set U C C(A),

@ there is a subbase B of 7 such that every set U € B may be
written as a union of countably many sets of the form
E*(U)\ ET(V), where U and V are open in C(A).

It turns out that the set SB comprising all closed linear subspaces
of C(A)is Iy in F(C(A)) and, as such, the relative topology on
SB is Polish.
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Outdated (from two weeks) proof - the space SB

Let F(C(A)) denote the hyperspace comprising all non-empty
closed subsets of C(A).

Following Godefroy and Saint-Raymond, we shall call a Polish
topology 7 on F(C(A)) admissible, whenever

e ET(U) € 7 for every open set U C C(A),

@ there is a subbase B of 7 such that every set U € B may be
written as a union of countably many sets of the form
ET(U)\ ET(V), where U and V are open in C(A).

It turns out that the set SB comprising all closed linear subspaces
of C(A)is Iy in F(C(A)) and, as such, the relative topology on
SB is Polish. Recently some other approaches to the universal
space for separable Banach spaces was made (see eg paper by
Cuath, Dolezal, Doucha and Kurka).
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Outdated Main Theorem

Theorem (Kania, S.)

Under LC the coordinate functionals of Z basis are continuous for
any projective filter Z on N.
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Outdated Main Theorem

Theorem (Kania, S.)

Under LC the coordinate functionals of Z basis are continuous for
any projective filter Z on N.

Lemma

Let X be a separable Banach space and let Z be a projective filter
on N of class [}. Suppose that (zk)?2; is a sequence in X. Then,
the following formula is []2:

p((an)iz1: 2 Z akzk = Z.

| A

A\
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Outdated Main Theorem

Theorem (Kania, S.)

Under LC the coordinate functionals of Z basis are continuous for
any projective filter Z on N.
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Modern results

Let Z be analytic filter on N. Then for every Z-basis of a Banach
space the corresponding coordinate functionals are continuous.
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Modern results

Main Theorem

Let Z be analytic filter on N. Then for every Z-basis of a Banach
space the corresponding coordinate functionals are continuous.

Proof

en(x) € U Ja)exn Zoz,-e,- =xANapeU
iz

m
1
© J(a))erVieNTAezV mg A Z ajei — x|| < 7 Nap e U
i=1
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Modern results

Main Theorem

Let Z be analytic filter on N. Then for every Z-basis of a Banach
space the corresponding coordinate functionals are continuous.

Proof

en(x) € U Ja)exn Zoz,-e,- =xANapeU
iz
m
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i=1
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Modern results

Main Theorem

Let Z be analytic filter on N. Then for every Z-basis of a Banach
space the corresponding coordinate functionals are continuous.

Assume that all Al-sets are Baire-measureable. Let F be ¥l-ideal
on w. Then for every Z-basis the corresponding coordinate
functionals are continuous.
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Modern results

Main Theorem

Let Z be analytic filter on N. Then for every Z-basis of a Banach
space the corresponding coordinate functionals are continuous.

Theorem

Assume that all Al-sets are Baire-measureable. Let F be ¥l-ideal
on w. Then for every Z-basis the corresponding coordinate
functionals are continuous.

Theorem

Let Z by an ideal on w (not necessarily projective). Let (e,) be an
Z-basis with continuous coordinate functionals. Then there exists
an analytic ideal Z/ C Z on w such that (x,) is also an Z'-basis.

| A

N,
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In the paper

J. Humkins, H. Woodin, Small forcing creates neither strong nor
Woodin cardinals, Proc. Amer. Math. Soc. 128 (2000),
3025-3029

We found the following result:

"After small forcing, a cardinal 6 is Woodin if and only if it was
Woodin in the ground model".
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In the paper

J. Humkins, H. Woodin, Small forcing creates neither strong nor
Woodin cardinals, Proc. Amer. Math. Soc. 128 (2000),
3025-3029

We found the following result:

"After small forcing, a cardinal 6 is Woodin if and only if it was
Woodin in the ground model".

What does it mean that forcing is small? It looks like "of
cardinality less than 6" makes sense, but if somebody knows for
sure please let me know.
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